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ABSTRACT 

By working on the  symplect ic  blow-up,  we show tha t  the  symplect ic  di- 

visors produced  by Donaldson  in [D] may  be  chosen so t ha t  they  conta in  

a fixed symplect ic  submani fo ld  or, in a comp lemen ta ry  direction, so tha t  

t hey  cu t  it t ransversa l ly  wi th  a symplect ic  intersection.  

1. I n t r o d u c t i o n  

An a lm os t  H o d g e  man i fo ld  will mean a compact 2n-dimensional symplectic 

manifold (M, w) with cohomology class [w] e H2(M, Z)/Tor.  By a fundamental 

theorem of Donaldson, for k >> 0 there is a closed symplectic submanifold D C_ M 

Poincar~ dual to [kw]([D], [S]). Here we shall give two results concerning how this 

symplectic divisor may be chosen in relation to a fixed symplectic submanifold. 

To begin with, let V C_ M be a compact 2d-dimensional symplectic submani- 

fold; we shall argue that if 2d < n Donaldson's symplectic divisor may be chosen 

with D _~ V, essentially by using his techniques on the blow-up/~/of  M along V 

[GS2], [MS]. Let E be the inverse image of V in 21~/, p: N --+ V the normal bundle 

of V in M. Then N may be given a compatible complex structure so E ~ P N .  
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THEOREM 1.1: Let (M, WM) be a closed 2n-dimensional almost Hodge manifold 

and V c_ M a compact 2d-dimensional symplectic submanifold. Let q: M ~ M 

be the blow-up of V in M, E = q-l(V) and ( �9 H 2 ( ~ / , R )  the Poincard dual 

class of E. Then: 

(i) For k • 0 the cohomology class k[q*(w)] - e �9 H2(~/ ,  i t )  is represented by 

a symplectic form 5Jk; there exist submanifolds Zk C_ ]f/I symplectic for (ak and 

Poincard dual to it, meeting every fibre E~ = q - l (x ) ,  x �9 V, in the zero locus of 

some holomorphic section of the hyperplane bundle. 

(ii) If 2d < n, for k >> 0 there is a symplectic submanifold Zk C M Poincard 

dual to [kWM] with V C Z. 

In a complementary direction, we have: 

PROPOSITION 1.1: Let (M, WM) be a closed 2n-dimensional almost Hodge mani- 

fold and V C_ M a compact symplectic submanifold. Then for k >> 0 the De 

Rahm cohomology class [kw] is Poincard dual to a symplectic submanifold Z C_ M 

transversal to V and such that V 0 Z c M is symplectic. 

Notation: For (X, z]) a symplectic manifold, J ( X ,  z/) is the space of all almost 

complex structures on X compatible with ~/; there is a retraction r n : Met (X)  -+ 

J ( X ,  ~/), where Met (X)  is the space of all riemannian metrics on X.  Similarly, 

if (E, 7/E) is a symplectic vector bundle over some manifold, J ( E ,  Z/E) denotes 

the space of all complex structures on E compatible with ~/E, and there is a 

retraction rnE: Met(E)  --+ (J(X, ~1) [MS]. 

2. P r o o f  o f  T h e o r e m  1.1. 

On M there exists a hermitian line bundle H with a unitary connection ~7 H 

having curvature form --21riwM. Given any J E J ( M ,  WM), for k >> 0 Donaldson 

constructs a symplectic submanifold of M Poincar~ dual to [kw] as the zero locus 

of a section s of H | satisfying I'~J, VS(X)I < IOJ, VS(X)I , VX e Z(8). We want to 

impose that  V c_ Z(s). 

Let wy = WMIV and pick Jy �9 J(V,  wy). It  is well-known that  there exists 

JM �9 J(V,  wM) such that  the inclusion V ~-+ M is (Jy, JM)-holomorphic [AL], 

[MS]. In what follows, we shall need a more explicit construction of a particular 

choice of JM. Let wg be the symplectic structure of N.  Pick Jv �9 J ( V ,  wy) 

and Jg �9 J ( N ,  WN). Then (WN, JN) determine a hermitian structure hg on N;  

let P --+ V be the U(c)-principal bundle of unitary frames in N,  c -- n - d, and 

choose a connection 7t(P/V) C_ TP. 
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Let U(c) act in the standard way on C c and trivially on C and consider the 

projectivized action on P ( C  c @ C). Given P,  the associated pC-bundle over V is 

p: M = P ( N  ~ C) --+ V, a symplectic fibration with fibre (pc, gt(c)), where ~t (c) 

is the Fubini-Study symplectic structure of pc. The connection on P induces a 

connection 7-/(Ad/N) C_ T M .  Since the action is hamiltonian, minimal coupling 

yields a closed compatible 2-form ~min on M [GS1]. Then perhaps after replacing 

WM, and thus wy, by some sufficiently large multiple, w ~  =Omin-{-~9*((-OV) is 

a symplectic structure on A/l, for which 7-/ (.acl /N)  is the symplectic complement 
hor ver of the vertical tangent bundle V ( M / N ) .  Thus wM = w ~  ~ w ~ .  There are 

inclusions V C_ N C M ,  the former as the zero section and the latter as the 

complement of the hyperplane at infinity; the embedding 3: V r A/I is symplectic 

and has symplectic normal bundle (N, wg). By the symplectic neighbourhood 

theorem, there are tubular neighbourhoods V C 8 C_ M ,  V C S C_ M and a 

symplectomorphism "y: (S, WM) --+ (8, w~)  extending the identity on V. Setting 

8~ = (P x B~c)/U(c) (B~ c C C c is the ball of radius ~ centered at the origin), 

we may assume 8 = 81. 

The pair (cOv, Jv) yields a riemannian metric gv on V, and by pull-back 

a riemannian metric g~or on 7-l(A4/N). Let us set J~,hor = r~,v,hor(g~or) E 

a(n(M/N), w ,hor). Then (cO~,hor, J~,hor) determine a compatible hermitian 

s t r u c t u r e  hA4,hor on "]-I(M/N). The vertical tangent bundle ) ; (M/N)  carries 

intrinsic complex and hermitian structures compatible with cO~,vert ,  

(J~,vert, h~,vert), coming from the Hodge structure of pc. Thus, J ~  = 

J~,ho~ G JA4,vert E J'(J~,W2V4 ) and h ~  = hAd,hor @ hM,vert is a compatible 
hermitian structure. Let g~a = Re(hM), a compatible riemannian structure, and 

let dM be the distance function on A/I associated to g ~ .  

Let T C M be an open subset with T N  V = O and M = S t0  T; if 

S~ = 7-1(8~) (0 < x _< 1) and S' = $9/10, we may take T = M \ ~ .  Let 

Ss + fT = 1 be a partition of unity on M subordinate to the open cover {S, T}. 

Let gT be any riemannian metric on T and set JM = r~M(SST*(g]~) + fTgT) 
C J(M, cOM). W e  have JM = "Y*(J2~4) o n  $1/2. In particular, the inclusion 

V ~-+ M is (Jv, JM)-holomorphic. The pair (tOM, JM) determines a riemannian 

metric gM, with associated distance function dM. 
Let q: /17/ --+ M be the blow-up of M along V, constructed as in [GS2] from 

the data introduced above, with exceptional divisor E = q - l ( v )  C_ ~/. Let 
= q - l (S) .  

LEMMA 2.1: On 37I there exists a complex line bundle OM (E) having a trans- 

verse section a with zero locus E, with a hermitian structure and a unitary 
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connection which is fiat on the complement of S. 

Proof  The projective spaces pc __ p ( c  c @ C) and pc-1 = p ( c  c) have ho- 

mogeneous coordinates [z, a] and [z'], respectively, where z, z' E C c and a E C. 
Let pc = {([z,a],[z,])lz A z ~ _ 0} C_ pc x pc-1 be the blow-up of pc at the 

origin, with projections lr1: pc _+ pc, ~r2:15c -+ pc-1 and exceptional divisor 

F -- 7r~-l(0). Given P, we obtain a fibre bundle gS: jQ -+ V, with fibre ~)c and 

an induced connection 7t(J~4/V), a connection preserving map of fibre bundles 

~: JQ -+ A4 and an exceptional divisor E -- ~-I(V) C_ 2Q; then E ~ P(N) .  Let 

-- ~-1(S) C_ jQ. If we glue M \ S '  and S along S \ S '  via ~, we obtain a 

manifold/17/, the blow-up of M along V, with a map q : M --> M and exceptional 

divisor E = q - l (V)  ~- C. With S = q- l (S) ,  we have a diffeomorphism ~: S -+ $. 

The total space of 7r~ Opc-~ ( -  1) consists of all triples ([z, a], l, v), where [z, c~] E 
p c  ~ E p c - 1  v E C c and zA~ : vA~ = 0; the projection onto pc is ([z, c~], e, v) 

([z, a], ~). The tautological U(c)-invariant meromorphic section s' of 7r~Oec (-1),  
s'([z, c~], t) = ([z, a], g, z/c~), is transversal, vanishes on F and has a pole of first 

order along Aoo : (a : 0). Thus s : s ' |  c~ E H ~  )c, O~,~(F)) is U(c)-invariant. 

Now O~r (F) extends to a line bundle OX~($ ) on A/I; and being U(c)-invariant 

s extends to a transverse section ~ of O2O(E ) vanishing on E. Hence ~*O2o(E ) 

may be glued to the trivial line bundle on M \ S to obtain a line bundle O2~ (E) 
on hT/, with a transverse section ~ vanishing on E. Let OM(--E) be the dual line 

bundle. We now produce a suitable connection on OM (E). 
If v lies in the fibre of O ~ ( F )  over x E ~)c \ A ~ ,  then ~ lies in the fibre of 

lr~Opc-~ (-1) ,  hence is a vector in C c. Define U(c)-invariant hermitian metrics hi 

and h2 for O ~  (F) on ~)c \ A~ and ~)c \ F,  respectively, by I([z, ~], g, v)I1 : [~[ 

and ]8([z,~],~)]2 ~-~ 1. Let ~)l(Iz/o~]) -~- ~2(]z/o~]) : 1 be a partition of unity on 
- - 2 c  2c pc subordinate to the open cover pc = B2~3 U (pc \ B7/12) ' where B r is the 

ball of radius r centred at the origin of C c - pc \ A~. Set h = Qlhl + e2h2, 
that is, h([z,o~],i) = [al ( iz /aI) .  ]z/c~[ 2 + e2(z)]s* | on p c \ F .  Note that 

O~c(E) -~ 7 r ~ O p c - i ( - 1 )  o n  ~)c \ A ~  and hi is the pull-back of the standard 

metric on Op~-~ (-1).  Let Vh be the unique connection on O~,~ (F) compatible 

with h and the holomorphic structure. Then Vh and its curvature form --2~riOF 
2c are U(c)-invariant. On B7D2, Vh is the pull-back of the standard connection Vst 

on Opc-~ (-1).  

Arguing as in [P], given 7-I(P/M) there is a connection Vs on O ~  (~) extending 

Wh. Concretely, let t) be the connection matrix of Vh on pc \ F in the trivial- 

ization given by s; then t) is U(c)-invariant, and extends to a vertical l-form 0 on 

JO \ s which is the connection matrix of Vs with respect to ~. Then ~ = 0 on 
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34 \ ,S. Similarly, the curvature form -2riOE of VE extends the U(c)-invariant 

form --2rit~F on pc and also vanishes on 2s \ S. Then using "~ we obtain a 

connection VE on OM(E), for which ~ is covariantly constant on M \ S, with 

curvature form --27ri~)E vanishing on M \ :~. | 

In particular, [tgE] E H2(2~/, Z) is Poincar~ dual to E. Let V} and V )  be the 

dual connections. 

L E M M A  2.2: The form COXa,k = k(~*(CO~) - Oe E f~2(M) is symplectic for all 
k > O, and T~a TM ~l(2~/V) @ V(2~/V) is a symplectic direct sum. 

In fact, wXa,k restricts vertically to 7r~(k~ (c)) - t~F ,  which is a Kiihler form 

for k >> 0. On the other hand, since COaa is symplectic, COX~,k is symplectic on 

7-l(2~4/V) when k >> 0. Furthermore, -27ciwx4,k is the curvature form of the 

product connection on ~*(7/| | Of~( -g ) .  

COROLLARY 2.1: WM, k = kq*(wM) -- tgE is symplectic for k >> 0 .  

This is so on S, since there wf~,k = ~*(wX~,k ). On M \ S, on the other hand, 

WM, k = kq*(wM). Clearly, --27ciwM, k is the curvature form of the tensor product 

connection on Hk = q*(H | | OM(--E). 
Let Ar = fg*(N), a rank-c vector bundle on Ad. Then PAr is both a pc-l_ 

bundle over 34, t: PAr --4 34, and a pc x PC-l-bundle over V. In the latter inter- 

pretation, it is associated to P and the product action of U(c) on pc • p c - l ,  while 

in the former it stems from p*P and the action of U(c) on pc-1. The inclusion 
pc C_ pc x pc-1 is V(c)-invariant and Opt(F) = 7r{Opc(1) | rr~Opc-l(-1)[pc; 

besides, Vst extends to a compatible connection VH on O p t ( - 1 ) .  Therefore, 

LEMMA 2.3: We have an embedding of fibre bundles over V, ~: JQ ~-+ PAr, 
ONI(E ) = ~*(t*O~(1)" | OpN(--1)).  Therefore, 0"(7-/| | O x t ( - g  ) a n d  

c~*(?-/| | Op(w| (1)) (1). The pairs (Oxt(g), Ve) and 0.*OpN'(-1), ~*VN) 
are isomorphic on $" = (P x B21~2)/g(c) C_ S'. 

~ 2c  - -1  2c  _ l : )c  Equivalently, since OF = --rr~(f~ (c-D) on BT/t2 = 7r I (B7/12) C and 
H 1 - 2n  ~ 2c (BTD2, Q) = 0, there is a U(c)-invariant gauge equivalence on B7/12 between 

(Op~ (F), Vh) and (Tr~Op~ (-1),  r~V~t), which globalizes to the relative situation. 

To express controlled transversality, let us introduce compatible almost com- 

plex structures JJQ,k_ E J(A~4, w_x4,k), J~,k E J(2~I, WM,k). Consider the decom- 
~oh_ ~  (~ CO ver position T ~  = 7-l(34/V) @ 12(34/V), in terms of which COX4,k M,k X4,k" 

View gy as a riemannian metric on 7t(2Q/V) and set .lhor o ~ , k  = rwh'~ ( g Y )  
2r 
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J(74(JQ/V) ,  w~[k). With abuse of language, view the standard complex struc- 

ture Jpc on t'~ as a complex structure on V(A/I/V) and let 

j h o r  J Xa,k o X~,k @ J#c . 

Note that ~: JQ --+ M is (Jx~,k,J~)-holomorphic on 2Q \ s  The pair 

(wx~,k, Jx~,k) determines a compatible riemannian metric gJ~,k" On M we may 

consider the auxiliary riemannian metric gM,k = ( f  s oq)ZY * (g Xa,k) + (fT o q)q* (gT ) 
and then set JM,k = r ~ , k  (gM,k)" The pair (w~jr J~,k)  determines a compatible 
riemannian metric gM,k" 

Recall the section $ of O~a(C) and the connection VE, with Ve$ = ~ | $. For 
1 1,0 0,1 where f~l~_ k and f~o,1 k >> 0 1-forms on JQ decompose as fiX1 = ~Jx~,k@~JX~,h ' , J f ~ , k  

are the C-linear and C-antilinear forms for Jx~,k, respectively. Let 0c Jx~ k be the 

composition of V~ with the projection onto 12 ~ j ~ , .  By construction 8 is vertical 
- -  ~ ~ 0 , 1  and vertically holomorphic: ~o,1 = 0. Therefore, Oe,jx~,~s = | ~ = 0 and J ~ , ~  JX~,~ 

~E g~2 ~ ~ ---- O. 

It is also in order to introduce auxiliary almost complex structures J ~  and J ~  
on 2vl and 21~/. These are the limits in C 1 norm of J~_,~ and JM,~ for k --+ oc. On 
A~4, given the decomposition TX~ = 7-I(]Q/V) @ V(A/[/V), set j ~  =~ho~ @ j~,r 
where lhor is the horizontal component of the almost complex structure of A/I, 
pulled-back to 7-I(JQ/V). Now ./ho~ [ (gY)  and ~ho~ ~f~,~ = r ~  ~ = r~o~(gv);~ and 

--1 .hot __ r since Ilk wXa,~ I = O(1/k) we have Jfa = Jfa,~ + O(1/k).  Clearly 

~: JQ --~ ~4 is ( J ~ ,  g~)-holomorphic. To define J~/, we glue JM on 2~/ \  S" with 

7*(Jx~)" Again JK4,k -= JK4 + O(1/k) and q: h:/--+ M is (JM, JM)-holomorphic. 

LEMMA 2.4: There are a symplectic structure ek on PAl  and Ik 6 J ( P A f ,  ek) 
such that ~" ( S  , W f l , k  , J fl ,k) is a symplectic and almost complex submanifold of  

(PAl, ek, I~). 

Proof: The actions of U(c) on pc x pc-1 and on pc-1  are hamiltonian for, 

respectively, the Kghler forms Tk = k~r~(~ (c)) + ~r~(f~(c-1)), k > 0, and f l (c-0.  

Therefore on PAl there are closed compatible minimal coupling 2-forms, ~q(y) ~min,k  

and ,9(. ~ )  associated to the symplectic bundle structures over V and A/l, respec- 
V N l l l  I ' 

tively. One has 0(Y) k + k(pot )*(wv)  = ~(mMi2 + kt*(w~a), a symplectic structure 

on PAl for k >> 0, that we call ek. Then t: 2vl C_ PAl is a symplectic subman- 

ifold for ek and L*(r = WXa]S". Set eX~,k = ek]~-  Let us consider the 
direct sums T ~  = 7-l(2~4/V) @ )2(2Q/V) and TpZ = ~ / ( P H / V )  �9 v(P~f/v). 
With abuse of language, we have riemannian metrics G'-  M,k = gy @ gbc,k and 
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G'p~C,_k = gv @ gP~ xP~-~,k, where gp~ xp~-l,k is the metr ic  associated to 7k, and 

~: (A/l, G~o,k ) ~-+ (PAl,  G~,~C,k ) is a r iemannian  immersion.  Let  us then  set 

Sk = r~*r and Ik = rck(G~,~C,k). Then  ~is  (Sk, Ik) -holomorphic  and 

Sk = gXa,k on ,~". | 

The  compat ib le  pair  (r Ik) determines  a r i emannian  s t ructure  GpAz,k on P H  

with associated distance dpAz,k. 

PROPOSITION 2.1: There  are e > 0 (independent of k) and for every k >> 0 a 

sectio  p o f-Ik such that IOJ , P(Y)lk < C/v , IOJ ,, P(Y)lk > for y �9 Z(p), 
where Z(p) C_ M is the zero locus of p and [. [k is the norm associated to glfl,k" 

Proof: Set dM,k = VrkdM and consider, as in [D], the following real function on 

M x M :  
{ 0 -dM'k(x'x')2/5 if dM,k(X,X') ~_ k 1/4, 

~k(x, x ' )  = if dM,k(X, X') > k 1/4. 

Recall f rom loc. cir. t ha t  V D > 0 and Yk ) )  0 there are an open cover b/k = 

U { i}i=l of M ,  where every Ui is the riM,k-unit ball centred a t  Pi �9 M,  such tha t  

8 

(1) ~ d M , k ( P i ,  q)rgk(Pi, q)_<C, Y q � 9  r = 0 , 1 , 2 , 3 ;  
i=1 

and fur thermore  N = N(D) E N independent  of k and a par t i t ion  I -- { 1 , . . . ,  s} 
N = Ua=xla satisfying i , j  E I~ ~ dM,k(Pi, Pj) ~_ D. This  sequence of open 

covers is obta ined f rom a fixed at las {r Ol -+ M }  of M ,  by choosing the Pi's 
to be, for each k, the images in M of the vertices of a suitable rescaling of 

the s tandard  lat t ice in C n [D], Lernma 12. For k >> 0 and every i = 1 , . . . ,  s, 

let ai be the compac t ly  suppor ted ,  approx imate ly  JM-holomorphic  section of 

( H  | VH| centred a t  P~ constructed by Donaldson ([D], Propos i t ion  11). 

Suppose k >> 0 and /Ak is an open cover of M as above. We construct  an 

open cover/~k of IV/. If  P i r  S" ,  l e t / 5  = q-l(pi)  e M and Ui = q-l(Ui). If  

P~ C S" ,  there is an open ne ighbourhood A ~ Pi on which 7*PA/" is trivial,  hence 

for k large a diffeomorphism r Ui • p c - 1  ~ 7.pAflv~" Wi th  loose notat ion,  we 

have an embedding  t: S ~ 7*PAf  over S. Given ~ = [v] E p c - ~  = p ( c r  let 

Wt = {[w] e p c - l :  2[(v,w)[ _> [[v[[. [[w[[}. We may  find ~1, - . - ,~q  �9 p c - 1  such 

tha t  p c - 1  = U q wj ,  with Wj = Wtj. Let us s e t / h i  = r  j = 1 . . . .  , q, 

and lJij = ~-I(U~j),  where U[j = r • Wj). I t  m a y  be tha t  ~ j  r t (S) ,  or even 

tha t  Uij = ~ for some i and j .  Let us relabel /)i as ~fi,q+l, Pi as Pi,a+l. Then  

/~k = {/J~j} is an open cover of/1~/. 
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For ~rij E /~k, we produce a compactly supported, approximately holomor- 
phic section of /4k. If Pi ~ S", let ai be the compactly supported section 

of H | constructed by Donaldson; in the norm given by kgM and with re- 

spect to (VH| ai satisfies the estimates in Proposition 11 of [D]. Then 

ai = q*(ai) | ~* is a compactly supported section of/~k = q*(H | | OM(--E), 
and satisfies the same estimates in the norm given b y  9M,k with respect to 

(V/~ C J~,k), where V/:/k is the product connection on Hk. More precisely, for 

y E M  
(i) for fixed R, lai(y)l >_ C -1 if dM,k(q(y), Pi) <_ R; 
(ii) Ic~(y)l < Clk(q(y), Pi); 

(iii) IVgkail _< C[1 + dM,k(q(y), Pi)]gk(q(Y), Pi); 
(iv) IOai(y)l _< Ck-1/2dM,k(q(y), Pi)2gk(q(y), Pi); 
(v) IV/~ Ocq(y)l <_ Ck-1/21k(q(y),Pi) 3 Y'~r=l dM,k(q(y), Pi) ~. 
In fact, (k/2)q*(gM) < gM,k < 2kq*(gM) on M " - S "  and Vk >> 0; and 

furthermore JM,k may be replaced with JM, and thus with JM, in estimating the 
relevant O's, with an error O(1/k). Furthermore, ~ is bounded below and above 

in Cl-norm on M "- S". The claimed estimates on c~i then follow directly from 

the corresponding ones on ai. 

Suppose next Pi �9 S" and 1 _< j _< q. Let t': 3'*PAl -~ S be the projection, so 

t'(Pij) = Pi. By a construction in [P], for k >> 0 there is a compactly supported 

section aij of of t'*(H | | 7*Opx(1), which is peaked at /hij and vertically 

holomorphic with respect to t ' and satisfying the above estimates with respect 

to Ik and the product connection, in the norm Gp~,k [P], Lemma 2.3. On the 

other hand, ~*OpAf(1) and OK~(-E ) are gauge equivalent on S" and S" is a 

symplectic almost complex submanifold of P N ;  therefore aij may be interpreted 

as a section of/4k. Explicitly, set x = p o ~/-l(Pi) �9 V and let x �9 W~ C_ V 
be a neighbourhood on which N is trivial; then so are Af and PAl on S~ = 

~/-l(p-l(Wx) ) C_ S. Thus PAris, ~ Sx x pc-1 and OpAf[t-lS~ ~ r~Op~-~(1). 
After a gauge transformation, a~j = a~ | ~oj, where ~j �9 H~  c-l ,  (.9pr (1)) TM 

*. 

Next we provide a partition of the index set for/Ak, 

[ = { i :P i  r S"} U { ( i , j ) : p i  �9 S" , j  = 1, . . . ,q}.  

We set /:(J) = { ( i , j ) :  Pi �9 S", i  E I~, 1 <_ j <_ q} and ](q+l) = {i E I a :  p i r  S}. 

Then ] = (Ua, j / (J))u(U~ ](q+l)) is a disjoint union. By construction if/, i' �9 I~, 

or if (i,j), (i',j) �9 I~,j, then dM,k(pi,pi') >_ D. Let us order the index set 

{1 , . . . , s}  x { 1 , . . . , q + l }  of the partition by (b,i) < (a , j )  if either i _< j or i = j 

and b < a and set B(~,j) = U(b#)<(~,j) U(b,i). 
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If  we now fix a linear combination Po = Y~ aij(0)cqj, say Po ---- 0, Donaldson's 

iterative construction achieves controlled transversality by adjusting the coeffi- 

cients in N '  = (q + 1)N steps; at the (a, j ) - th  step transversality is attained 

for P(aS) on E(a,j), that  is, I-Oj~a.kp(y)lk < C /x / k  and IOjf~,kp(y)lk > e for all 

y E Z(p) 71 E(a,j) and fixed C, e > 0; here and below C and e denote positive 

constants independent of k allowed to vary from line to line. The outcome is 

a section p = P(s,q+l) : ~-~=aij(xij o f / t k  satisfying I'Oj~,kp(y)lk ( C / V ~  and 

IOj/+,kp(y)lk > e for all y E Z(p), where Z(p) C_ 1~I is the zero locus o f p  and I" Ik 

is the norm associated to gM,k, as claimed. | 

This completes the proof of s tatement (i) of the theorem. Suppose now that  

2d < n. Every a~j is the restriction from ~*PA/" of a v-holomorphic section of 

t ~* (H | | 7*Ophr(1), and such sections are in 1-1 correspondence with smooth 

sections of Nk ---- ~,*(Af*) | H •k. Thus the span of the a / j ' s  corresponds to a 

finite dimensional space W of smooth sections of N~. Then W globally gener- 

ates Nk over S", and in particular N* @ H | over V, since so do the a~j's for 

t'* (H | | 7*OpAr(1). 

With this identification, since d < c some arbitrarily small perturbat ion of Ps,q 
within W restricts to a nowhere vanishing section of N* | H | also satisfying 

]-Oj~ kP~ q(Y)lk < C / v ~  and ]Ojx~ kP~ q(Y)lk > e for all y E Z(p) 71E(~,q). If  

S '"  C S" has positive distance from OS", for k >> 0 the Cq,q+l's are supported 

on M \ S '" .  Therefore p also restricts on V to a nowhere vanishing section on 

N* | H | Then the symplectic submanifold 2 = Z(p) of (_11~/, WM,k) meets 

every fibre of E ~ P N  -+ V in a complex hyperplane. Thus Z = q(Z) c 
is a submanifold, and it remains to show that  it is a symplectic Poincar6 dual 

representative of [kwM]. 
We interpret Z as the zero locus of a smooth section of H | For every 

ai,q+l = ai | s, let us set Vri,q+ 1 ---- ai. For 1 _< j < q, if in the appropriate gauge 

c~i,j -- c~i | ~j ,  let us set ai,j -= ~ i '~ j .  Then Z is the zero locus of a = ~ aijaij, 
a section of H | It  remains to prove that  

LEMMA 2 .5 :  For some t~xed e > 0 (independent of  k), I'Op(y)lM,k < C/v/-k and 
[Op(Y)[M,k > e for all y C Z \ V. 

Proof: Let I" IM,k and I" IM,k denote, respectively, the norms associated to 

kgM and g/4,k" We know that  IOj/+.kp(y)lM,k < C / v ~  and IOj/+.kp(y)lM,k > 
for all y C Z(p). Since JM,k approximates JM up to O(1/k) in Cl-norm, the 

above inequalities still hold with Jt~ in place of JM,k and, on the other hand, 

J/4 = q*JM on : ~ / \  E.  Working on M \ V, we shall refer 0 and 0 to JM and 
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J f f .  Thus, IOp(y)[f~,k < C/v'~ and [Op(y)[f~, k > e for all y �9 Z(p). 
The claimed inequality holds true on M \  S" --- M \  S", because there 

(k/2)q*(gM) < gf~,k < 2kq*(gM) for k >> 0. On S", given the decompositions 

Ts,, = V(S"/V)  @ ?-I(S"/V) and Tg,, = V(S"/V)  @ n (S" /V) ,  every tangent or 

cotangent vector to S" \ E ~ S" \ V splits as v = Vhor + Vver. Then Ivl 2 .8/,k ---- 

  :k(Vhor, Vhor)+  ( vor, v o )and , IV]M,k : kg/~r(Vhor, Vhor) -~- kgpc (Vver, Vver). 

On the other hand, (1 /2)kg~ * <- g.M,kh~ _< 2kg~r when k >> 0, while g~,k  > 

kgp~ on tangent vectors implies gf'~,k -< kgp~ on cotangent vectors. Consider 

I~p(y)[M,k. By construction p is a linear combination of compactly supported 

sections of the form a~j = ai | Cj (in the appropriate gauge), with Cj a linear 

functional on (Cr * of norm 1. As in [D], given the global control expressed by 

(1) it suffices to estimate each building block. Now, Cj is vertically holomorphic 

and therefore O(ai | Tj) = 0hor(a~ | ~ j )  -}- ~ver(O~i) @ (~j. The first term satisfies 

the appropriate upper bound because the horizontal components of the metrics 

are equivalent and the second because so does ai. As to Op = Oho, p + 0verP, the 

sought lower bound on ll)PlM,k holds for the same remark regarding the horizontal 

component and because (dq)* does not reduce lengths. I 

This completes the proof of Theorem 1.1. 

3. Proof  of  Proposit ion 1.1 

Set wv = WMIV and let Jv 6 :f(V, wv) and JM 6 J (M,  wM) be such that  the 

inclusion V r M is (Jy, JM)-holomorphic. Let us endow Hv = HIv with the 

induced connection. For k > 0 let dv, k be the distance function on V induced 

by the compatible pair (Jv, kwv), and similarly for dM,k. Then �89 k(x, x') <_ 

dM,k(x,x') <_ 2dy, k(x,x') if x ,x '  E V satisfy dM,k(X,X ' )  ~_ 20, say, and k >> 0. 

By (a slight modification of) the arguments of [D], we may find an open cover 
---- U. s L/k { ~}i=1 of M, where every Ui is the riM,k-unit ball centred at Pi �9 M, 

with the properties described in the proof of Proposition 2.1, and furthermore 

such that the following holds: Let I '  C_ I = {1 , . . . ,  s} be the subset of those 

i's for which Pi �9 V. Then the unit balls in the metric dv, k centred at the 

P~'s with i 6 I '  yield an open cover of V, satisfying the same type of conditions 

with respect to dy, k. The partition of I '  to be used is of course I '  II N I '  ~,-Jo(= 1 o(, 

where I~ = Is  N I ' .  For k >> 0 and every i -- 1 , . . . ,  s, let ai be the compactly 

supported, approximately JM-holomorphic section of (H | "VHek ) centred at 

P, constructed by Donaldson ([D], Proposition 11). Then a~ly is a compactly 

supported, approximately Jv-holomorphic section of Hv  ~k with the restricted 

connection. 
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Given any section of the form go = ~ i e I  aiai, where ai E C and [ai[ <_ 1, we 

may then proceed to adjust the coefficients in 2N steps adapting Donaldson's 

procedure, as follows. In the first N steps, we only modify those ai 's  with i E I t, 

so as to obtain at step N a section s y  such that  s ly  is ~-transverse to zero on 

V for some ~/ > 0. Tha t  is, at  step a,  1 _< a < N,  we modify all the a~'s with 

i C I~, by applying Lemmas 18 and 19 of [D] in V. In the remaining N steps we 

further adjust all the coefficients, so as to ensure controlled transversality on M, 

but without destroying controlled transversality of the restriction to V. Tha t  is, 

at  step a + N ,  1 < a < N ,  we modify all the a~'s for i C I~, by applying Lemmas 

18 and 19 of loc. cit. in M,  the perturbations however being sufficiently small 

as to preserve controlled transversality on V. Essentially the same arguments in 

loc. cit. show that  the process converges, so as to produce a section as claimed. 
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